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Abstract
In view of the fact that the fixed point theory provides an efficient tool in many fields
of pure and applied sciences, we use the notion of the property E.A to prove a
common fixed point theorem for weakly compatible mappings. The presented results
are applied to obtain the solution of an integral equation and the bounded solution
of a functional equation arising in dynamic programming.
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1 Introduction
Inspired by the fact that the metric fixed point theory provides an efficient tool in many
fields of pure and applied sciences, many authors investigated the possibility to gener-
alize the notion of a metric space. In this direction, Gahler [, ] introduced the notion
of a -metric space, while Dhage [] introduced the concept of a D-metric space. Later
on, Mustafa and Sims [] showed that most of the results concerning Dhage’s D-metric
spaces are invalid. Therefore, they introduced a new notion of a generalized metric space,
called G-metric space. After then, many authors studied fixed and common fixed points
in generalized metric spaces; see [–].
Here, we give preliminaries and basic definitions which are helpful in the sequel. First,

we introduce the concepts of a G-metric and a G-metric space.

Definition . [] Let X be a nonempty set and G : X × X × X → [, +∞) be a function
satisfying the following properties:
(G) G(x, y, z) =  if x = y = z;
(G)  <G(x,x, y) for all x, y ∈ X with x �= y;
(G) G(x,x, y)≤ G(x, y, z) for all x, y, z ∈ X with z �= y;
(G) G(x, y, z) =G(x, z, y) =G(y, z,x) = · · · (symmetry in all three variables);
(G) G(x, y, z) ≤ G(x,a,a) +G(a, y, z) for all x, y, z,a ∈ X (rectangle inequality).
Then the functionG is called a generalizedmetric or, more specifically, aG-metric onX,

and the pair (X,G) is called a G-metric space.

Definition . A G-metric space (X,G) is said to be symmetric if G(x, y, y) =G(y,x,x) for
all x, y ∈ X.
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Example . Let X = {, } and G : X × X × X → [, +∞) be defined by G(, , ) =
G(, , ) = , G(, , ) = G(, , ) = G(, , ) = , G(, , ) = G(, , ) = G(, , ) = . It
is easy to show that the function G satisfies all properties of Definition ., but G(x,x, y) �=
G(x, y, y) for all x, y ∈ X with x �= y. Therefore, G is not symmetric.

Definition . [] Let (X,G) be a G-metric space, and let {xn} be a sequence of points
of X. A point x ∈ X is said to be the limit of the sequence {xn} if limn,m→+∞ G(x,xn,xm) = ,
and we say that the sequence {xn} is G-convergent to x or {xn} G-converges to x.

Thus, xn → x in a G-metric space (X,G) if for any ε > , there exists k ∈ N such that
G(x,xn,xm) < ε for allm,n≥ k.

Proposition . [] Let (X,G) be a G-metric space. Then the following are equivalent:
() {xn} is G-convergent to x;
() G(xn,xn,x)→  as n → +∞;
() G(xn,x,x)→  as n→ +∞.

Definition . [] Let (X,G) be a G-metric space. A sequence {xn} is called G-Cauchy
if for every ε > , there is k ∈ N such that G(xn,xm,xl) < ε for all n,m, l ≥ k; that is,
G(xn,xm,xl) →  as n,m, l → +∞.

Proposition . [] Let (X,G) be a G-metric space. Then the following are equivalent:
() the sequence {xn} is G-Cauchy;
() for every ε > , there is k ∈N such that G(xn,xm,xm) < ε for all n,m ≥ k.

Proposition . [] Let (X,G) be a G-metric space. Then the function G(x, y, z) is jointly
continuous in all three of its variables.

Definition . [] A G-metric space (X,G) is called G-complete if every G-Cauchy se-
quence in (X,G) is G-convergent in (X,G).

Proposition . [] Let (X,G) be a G-metric space. Then, for any x, y, z,a ∈ X, it follows
that

(i) if G(x, y, z) = , then x = y = z;
(ii) G(x, y, z) ≤ G(x,x, y) +G(x,x, z);
(iii) G(x, y, y) ≤ G(y,x,x);
(iv) G(x, y, z) ≤ G(x,a, z) +G(a, y, z);
(v) G(x, y, z) ≤ 

 [G(x, y,a) +G(x,a, z) +G(a, y, z)];
(vi) G(x, y, z) ≤ G(x,a,a) +G(y,a,a) +G(z,a,a).

An interesting observation is that any G-metric space (X,G) induces a metric dG on X
given by

dG(x, y) =G(x, y, y) +G(y,x,x), for all x, y ∈ X.

Moreover, (X,G) is G-complete if and only if (X,dG) is complete.
It was observed that in the symmetric case ((X,G) is symmetric), many fixed point theo-

rems onG-metric spaces are particular cases of the existing fixed point theorems inmetric
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spaces. This allows us to readily transport many results from the metric spaces into the
G-metric spaces.
On the other hand, by reasoning on the properties of themappings, the practice of coin-

ing weaker forms of commutativity to ensure the existence of a common fixed point for
self-mappings on metric spaces is still on. To read more in this direction, we refer to []
and the references therein. Here, for our further use, we recall only the two fundamental
notions of ‘weakly compatible mappings’ and ‘property E.A’; see also [, ].
In , Jungck [] introduced the notion of weakly compatible mappings as follows.

Definition . Let S and T be two self-mappings of a metric space (X,d). Then the pair
(S,T) is said to be weakly compatible if they commute at their coincidence points, that is,
if Su = Tu for some u ∈ X, then TSu = STu.

In , Amari and El Moutawakil [] introduced a new concept of the property E.A
inmetric spaces to generalize the concept of noncompatible mappings. Then, they proved
some common fixed point theorems.

Definition . Let S and T be two self-mappings of a metric space (X,d). Then the pair
(S,T) is said to satisfy the property E.A if there exists a sequence {xn} in X such that
limn→+∞ Sxn = limn→+∞ Txn = t for some t ∈ X.

Example . Let X = [,+∞). Define S,T : X → X by Sx = 
x and Tx = x

 for all x ∈ X.
Consider the sequence {xn} = { 

n } in X. Clearly, limn→+∞ Sxn = limn→+∞ Txn =  ∈ X, and
so S and T satisfy the property E.A.

Example . Let X = [,+∞). Define S,T : X → X by Sx = x +  and Tx = x +  for all
x ∈ X. Suppose that the property E.A holds. Then there exists a sequence {xn} in X such
that limn→+∞ Sxn = limn→+∞ Txn = t for some t ∈ X. It follows that limn→+∞ xn = t–

 and
limn→+∞ xn = t –  and so, by Definition ., t =  but t /∈ X. Therefore, S and T do not
satisfy the property E.A.

In conclusion of this preliminary section, we consider the following set:
Let � denote the set of all the functions ϕ : [, +∞)→ [, +∞) such that:
() ϕ is non-decreasing;
() limn→+∞ ϕn(r) =  for all r ∈ [, +∞).

If ϕ ∈ �, then it is an easy matter to show that ϕ() =  and ϕ(r) < r for all r ∈ (, +∞); see
Matkowski [].
In this paper, by merging the above notions, we prove a common fixed point theorem

for two pairs of weakly compatible mappings in a G-metric space. The presented results
are applied to obtain the solution of an integral equation and the bounded solution of a
functional equation arising in dynamic programming.

2 Main results
The following is the main result of this section.

Theorem . Let (X,G) be a G-metric space and A,B,S,T : X → X be four self-mappings
such that:

http://www.fixedpointtheoryandapplications.com/content/2013/1/41
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(i) A(X)⊆ T(X) and B(X)⊆ S(X);
(ii) one of the pairs (A,S) and (B,T) satisfies the property E.A;
(iii) for all x, y ∈ X , G(Ax,By,By)≤ ϕ(max{G(Sx,Ty,Ty),G(Sx,By,By),G(Ty,By,By)}),

where ϕ ∈ �;
(iv) one of A(X), B(X), S(X) and T(X) is a complete subset of X .

Then the pairs (A,S) and (B,T) have a coincidence point. Further, if (A,S) and (B,T) are
weakly compatible, then A, B, S and T have a unique common fixed point in X.

Proof Suppose the pair (B,T) satisfies the property E.A. Then there exists a sequence {xn}
in X such that limn→+∞ Bxn = limn→+∞ Txn = t for some t ∈ X. Since B(X) ⊆ S(X), there
exists a sequence {yn} in X such that Bxn = Syn. Hence limn→+∞ Syn = t. We will show that
limn→+∞ Ayn = t. From (iii), we have

G(Ayn,Bxn,Bxn) ≤ ϕ
(
max

{
G(Syn,Txn,Txn),G(Syn,Bxn,Bxn),G(Txn,Bxn,Bxn)

})
.

Taking the limit as n → +∞ (upper limit) and using the fact that ϕ(r) is continuous at
r = , we get

lim
n→+∞G(Ayn, t, t)≤ ϕ

(
max

{
G(t, t, t),G(t, t, t),G(t, t, t)

})
= ϕ() = ,

and so limn→+∞ Ayn = t. Thus, we have limn→+∞ Ayn = limn→+∞ Bxn = limn→+∞ Syn =
limn→+∞ Txn = t. Suppose that S(X) is a complete subset of X. Then t = Su for some u ∈ X.
Now, we will show that Au = Su = t. From (iii), we have

G(Au,Bxn,Bxn) ≤ ϕ
(
max

{
G(Su,Txn,Txn),G(Su,Bxn,Bxn),G(Txn,Bxn,Bxn)

})
.

Taking the limit as n→ +∞, by the property of ϕ, we get

G(Au,Su,Su) ≤ ϕ
(
max

{
G(t, t, t),G(t, t, t),G(t, t, t)

})
= ϕ() = ,

which implies Au = Su. Therefore, u is a coincidence point of the pair (A,S). The weak
compatibility ofA and S implies thatASu = SAu and henceAAu = ASu = SAu = SSu. Since
A(X) ⊆ T(X), there exists v ∈ X such that Au = Tv. We claim that Tv = Bv. Suppose not,
from (iii) and using the fact that ϕ(r) < r, we have

G(Au,Bv,Bv) ≤ ϕ
(
max

{
G(Su,Tv,Tv),G(Su,Bv,Bv),G(Tv,Bv,Bv)

})

= ϕ
(
max

{
,G(Au,Bv,Bv),G(Au,Bv,Bv)

})

= ϕ
(
G(Au,Bv,Bv)

)

< G(Au,Bv,Bv).

This implies that Au = Bv and hence Tv = Bv. It follows that also the pair (B,T) has a
coincidence point. Thus, we have Au = Su = Tv = Bv.
Now, if B andT areweakly compatible, thenwe obtain BTv = TBv = TTv = BBv and show

that Au is a common fixed point of A, B, S and T . For x = Au and y = v, from (iii) and the

http://www.fixedpointtheoryandapplications.com/content/2013/1/41
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property of ϕ, we get

G(AAu,Au,Au) = G(AAu,Bv,Bv)

≤ ϕ
(
max

{
G(SAu,Tv,Tv),G(SAu,Bv,Bv),G(Tv,Bv,Bv)

})

= ϕ
(
max

{
G(AAu,Bv,Bv),G(AAu,Bv,Bv),G(Bv,Bv,Bv)

})

= ϕ
(
max

{
G(AAu,Bv,Bv),G(AAu,Bv,Bv), 

})

= ϕ
(
G(AAu,Bv,Bv)

)

< G(AAu,Bv,Bv),

which implies Au = AAu = Bv. Therefore, Au = AAu = SAu is a common fixed point of A
and S. Similarly, one can prove that Bv is a common fixed point of B and T . Since Au = Bv,
we deduce that Au is a common fixed point of A, B, S and T . Now, we have only to show
that the common fixed point is unique. Suppose to the contrary that w and z, with w �= z,
are two common fixed points of A, B, S and T . Then, from (iii) and the property of ϕ, we
have

G(w, z, z) = G(Aw,Bz,Bz)

≤ ϕ
(
max

{
G(Sw,Tz,Tz),G(Sw,Bz,Bz),G(Tz,Bz,Bz)

})

= ϕ
(
max

{
G(w, z, z),G(w, z, z),G(z, z, z)

})

= ϕ
(
G(w, z, z)

)

< G(w, z, z),

that is a contradiction and so must be w = z. Therefore, A, B, S and T have a unique
common fixed point. Clearly, proceeding on the foregoing lines, one can obtain the same
conclusion in case (instead of S(X)) one of A(X), B(X) and T(X) is a complete subset of X,
and in case (instead of (B,T)) (A,S) satisfies the property E.A. �

If we assume S = T in above Theorem ., we deduce the following result involving three
self-mappings.

Corollary . Let (X,G) be a G-metric space and A,B,S : X → X be three mappings such
that:

(i) A(X)⊆ S(X) and B(X)⊆ S(X);
(ii) one of the pairs (A,S) and (B,S) satisfies the property E.A;
(iii) for all x, y ∈ X , G(Ax,By,By)≤ ϕ(max{G(Sx,Sy,Sy),G(Sx,By,By),G(Sy,By,By)}),

where ϕ ∈ �;
(iv) one of A(X), B(X) and S(X) is a complete subset of X .

Then the pairs (A,S) and (B,S) have a coincidence point. Further, if (A,S) and (B,S) are
weakly compatible, then A, B and S have a unique common fixed point in X.

Example . Let X = [, ] and G : X × X × X → [, +∞) be defined by G(x, y, z) =
max{|x– y|, |y– z|, |z– x|} for all x, y, z ∈ X. Define also A,B,S : X → X by Ax = , Bx = – x
and Sx = x for all x ∈ X and ϕ : [, +∞) → [, +∞) by ϕ(t) = t/ for all t ≥ . Clearly,

http://www.fixedpointtheoryandapplications.com/content/2013/1/41
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the hypotheses (i) and (iv) of Corollary . hold trivially. Moreover, the pair (A,S) satis-
fies the property E.A. Here we show only that the hypothesis (iii) holds. In fact, for all
x, y ∈ X, we have G(Ax,By,By) =G(,  – y,  – y) = | – y|, G(Sx,Sy,Sy) =G(x, y, y) = |x– y|,
G(Sx,By,By) =G(x,  – y,  – y) = | – x – y|, G(Sy,By,By) =G(y,  – y,  – y) = | – y|, and
consequently,

G(Ax,By,By) = | – y|
=



| – y| = ϕ

(
G(Sy,By,By)

)

≤ ϕ
(
max

{
G(Sx,Sy,Sy),G(Sx,By,By),G(Sy,By,By)

})
.

Then, by Corollary ., the pairs (A,S) and (B,S) have a coincidence point, that is, u = .
Moreover, since (A,S) and (B,S) are weakly compatible, then u =  is the unique common
fixed point of A, B and S in X.

3 Applications to integral and functional equations
In this section we illustrate two useful applications of our presented results. Firstly, we
show how it is possible to obtain the solution of an integral equation by applying Corol-
lary .. Let � = [, ] and C(�) be the space of all the real continuous functions defined
on �. Obviously, this space endowed with the G-metric given by

G(x, y, z) = sup
t∈�

∣∣x(t) – y(t)
∣∣ + sup

t∈�

∣∣y(t) – z(t)
∣∣ + sup

t∈�

∣∣z(t) – x(t)
∣∣, for all x, y, z ∈ C(�)

is a G-complete metric space.
Let p : � × R → R and q : � × � × R → R be two continuous functions. Consider an

integral equation of the following type:

p
(
t,x(t)

)
=

∫
�

q
(
t, s,x(s)

)
ds. (.)

We will prove the following theorem.

Theorem . Suppose there exists H :� ×R → [, +∞) such that:
(i) H(s, v(t))≤ ∫

�
q(t, s,u(s))ds≤ p(s, v(t)) for all s, t ∈ �;

(ii) p(s, v(t)) –H(s, v(t))≤ k|p(s, v(t)) – v(t)|, where k ∈ (, ).
Then integral equation (.) has a solution in C(�).

Proof Define (Ax)(t) =
∫
�
q(t, s,x(s))ds and (Bx)(t) = p(t,x(t)). Now

G(Ax,By,By) =  sup
t∈�

∣∣(Ax)(t) – (By)(t)
∣∣

= sup
t∈�

∣∣∣∣p
(
t, y(t)

)
–

∫
�

q
(
t, s,x(t)

)
dt

∣∣∣∣
≤  sup

t∈�

∣∣p(t, y(t)) –H
(
t, y(t)

)∣∣
≤ k sup

t∈�

∣∣p(t, y(t)) – y(t)
∣∣ = kG(y,By,By).

http://www.fixedpointtheoryandapplications.com/content/2013/1/41
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Thus, all the hypotheses of Corollary . are satisfied with S = IC(�), the identity mapping
on �, and ϕ(r) = kr for all r ≥  and k ∈ (, ). Therefore, there is a unique solution of
integral equation (.) in C(�). �

Now, we study the existence and uniqueness of the bounded solution of a functional
equation using again Corollary .. Here we assume that U and V are Banach spaces,
W ⊆ U is a state space and D ⊆ V is a decision space.
It is well known that the dynamic programming provides useful tools for mathematical

optimization and computer programming as well; see [–]. In particular, the problem
of dynamic programming related to amultistage process reduces to the problem of solving
the functional equation

Q(x) = sup
y∈D

{
f (x, y) +K

(
x, y,Q

(
τ (x, y)

))}
, x ∈ W , (.)

where τ :W ×D→W , f :W ×D →R, K :W ×D×R→ R.
LetB(W ) denote the space of all bounded real-valued functions onW . Clearly, this space

endowed with the G-metric given by

G(h,k,p) =max
{
sup
x∈W

|hx – kx|, sup
x∈W

|kx – px|, sup
x∈W

|px – hx|
}
,

for all h,k,p ∈ B(W )

is a G-complete metric space.
We will prove the following theorem.

Theorem . Let K :W ×D×R →R and f :W ×D →R be two bounded functions and
let A : B(W )→ B(W ) be defined by

A(hx) = sup
y∈D

{
f (x, y) +K

(
x, y,h

(
τ (x, y)

))}
(.)

for all h ∈ B(W ) and x ∈ W . Assume that the following condition holds:

∣∣K(x, y,hx) –K(x, y,kx)
∣∣ ≤ ϕ

(|hx – kx|),

where x ∈ W , y ∈ D and ϕ ∈ �. Then functional equation (.) has a unique bounded
solution.

Proof Note that (B(W ),G) is a complete G-metric space. Let ε be an arbitrary positive
number, x ∈ W and h,h ∈ B(W ), then there exist y, y ∈D such that

A(hx) < f (x, y) +K
(
x, y,h

(
τ (x, y)

))
+ ε, (.)

A(hx) < f (x, y) +K
(
x, y,h

(
τ (x, y)

))
+ ε, (.)

A(hx)≥ f (x, y) +K
(
x, y,h

(
τ (x, y)

))
, (.)

A(hx) ≥ f (x, y) +K
(
x, y,h

(
τ (x, y)

))
. (.)

http://www.fixedpointtheoryandapplications.com/content/2013/1/41
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Then from (.) and (.), it follows easily that

A(hx) –A(hx) < K
(
x, y,h

(
τ (x, y)

))
–K

(
x, y,h

(
τ (x, y)

))
+ ε

≤ ∣∣K(
x, y,h

(
τ (x, y)

))
–K

(
x, y,h

(
τ (x, y)

))∣∣ + ε

≤ ϕ
(|hx – hx|

)
+ ε.

Hence we get

A(hx) –A(h)x < ϕ
(|hx – hx|

)
+ ε. (.)

Similarly, from (.) and (.), we obtain

A(hx) –A(hx) < ϕ
(|hx – hx|

)
+ ε. (.)

Therefore, from (.) and (.), we have

∣∣A(hx) –A(hx)
∣∣ < ϕ

(|hx – hx|
)
+ ε, (.)

which implies

G
(
A(hx),A(hx),A(hx)

)
< ϕ

(
G(hx,hx,hx)

)
+ ε.

Since the above inequality is true for any x ∈ W and ε >  is taken arbitrary, then we
conclude immediately that

G
(
A(hx),A(hx),A(hx)

) ≤ ϕ
(
G(hx,hx,hx)

)
.

Thus, all the hypotheses of Corollary . are satisfied with A = B and S = IB(W ), the identity
mapping on B(W ). Therefore, functional equation (.) has a unique bounded solution.

�
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