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1 Introduction and preliminaries
Let E be a real Banach space, E* be the dual space of E, C is a nonempty closed convex
subset of E, R" is the set of nonnegative real numbers and J : E — 2" is the normal-

ized duality mapping defined by
J(x) ={f € E* = (x, f) = lxIl-lIfIl 1[I = 1Ifll}, x€E. (1.1)

Let T: C — C be a mapping, We use F (T) to denote the set of fixed points of T.
We also use “—” to stand for strong convergence and “~” for weak convergence. We
first recall some definitions:

A one parameter family J := {T(t) : t > 0} of self mappings of C is said a nonexpan-
sive semigroup, if the following conditions are satisfied:

() T (1 + to)x = T (8)T (), for any t1, t, € R and x € C;

(ii) T (0)x = «, for each x € GC;

(iii) for each x € C, t » T (t)x is continuous;

(iv) for any ¢ > 0, T (¢) is nonexpansive mapping on C, that is for any x, y € C,

IT()x = T(yll < llx—yll (1.2)

for any ¢ >0.
If the family J := {T(¢) : ¢t > 0} satisfies conditions (i)-(iii), then it is said
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(a) pseudocontractive semigroup, if for any x, y € C, there exists j(x - y) € J(x - y)
such that

(T()x =Ty, jlx =) = llx—ylP? (1.3)

(b) uniformly Lipschitzian semigroup, if there exists a bounded measurable function L
: [0, o) = (0, ) such that, for any x, ye Cand ¢ = 0,

T"(O)x — T"(O)yll < L(O)Ilx—yll ¥Yn>1 (1.4)

(c) strict pseudocontractive semigroup, if there exists a bounded function A : [0, ) —
, ) and for any given x, y € (, there exists j(x - y) € J(x - y) such that
(0, =) and for any gi ye G th ists j(x - y) € J(x - y) such th

(T(t)x = T(t)y, jx =) < [k —yII> =2 = T()x — (I = T()yl>  (1.5)

for any ¢t = 0.

It is easy to see that such semigroup is ((1 + A(t))/A(t))-Lipschitzian and pseudo-
contractive semigroup.

(d) demicontractive semigroup, if F(T(t)) # ¢ for all t > 0, there exists bounded func-
tion A: [0, o) — (0, =) and for any t = 0, x € C and y € F (T (t)), there exists j(x - y)
€ J(x - y) such that

(T()x =y, jlx=y)) = llx=yII? = AT = T(t))xlI? (1.6)

In this article, we introduce the following semigroups.

Definition 1.1 A one parameter family 3 := {T(¢) : t > 0} of self mapping of C satis-
fies conditions (i)-(iii), then it is said

(e) total asymptotically strict pseudocontractive semigroup, if there exists bounded
function 4 : [0, o) — (0, =) and sequences {u,} C [0, co)and {&,} C [0, oco) with u,
— 0 and &, > 0 as n — . for any given x, y € C, there exists j(x - y) € J(x - y), such
that

(T"(Ox = T"(Q)y, jlx =) < llx = yII> = 2N = T"())x— (I = T" (O

1.7)
+und(llx—yl) +&, VYn=>1

for any t = 0.

where ¢ : [0, 00) — [0, 00) is a continuous and strictly increasing function with ¢
(0) = 0.

(f) asymptotically strict pseudocontractive semigroup, if there exists a bounded func-
tion A : [0, ) — (0, o) and a sequence {k,} € [1, ) with k, — 1 as n — oo, for any
given x, y € C, there exists j(x - y) € J(x - y) such that

(T"(0)x = T"(t)y, j(x —))

< kallt— P = 2O — ") — (I — T"OWIP, Yn=1 (18

for any ¢ > 0.

(g) asymptotically demicontractive semigroup, if F (T (t)) = ¢ for all £ > 0 and there
exists a bounded function 4 : [0, =) — (0, )and a sequence {k,} € [1, «) with k,, —> 1
asn — oo, for any t > 0, x € Cand y € F (7(¢)), there exists j(x - y) € J(x - y) such that

(T"(O)x =y, j(x = ¥)) < kallx —yII> = 2O —T"(O)xl1?, VYn=1 (1.9)
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for any ¢t = 0.
Remark 1.2 If p(A) = A% and &, = 0, a total asymptotically strict pseudocontractive
semigroup is a asymptotically strict pseudocontractive semigroup. Every asymptotically

strict pseudocontractive semigroup with mz>o F(T(t)) # ¢ is asymptotically demicon-

tractive semigroup. If k,, = 1, n = 1, a asymptotically strict pseudocontractive semi-
group is a strict pseudocontractive semigroups a asymptotically demicontractive
semigroup is a demicontractive semigroup.

It is easy to see that the condition (1.7) is equivalent to following condition: for any ¢
>0,xe Candye F(T(2), there exists j(x - y) € J(x - y) such that

(0 =T, jlx —p)) = 2(Ollx = T"(O)xl1> = g (llx = yII) — & (1.10)

The convergence problems of implicit and explicit iterative sequences for nonexpan-
sive semigroups to common fixed points has been considered by some authors in var-
ious spaces. see, for example [1-11].

In 1998, Shioji and Takahashi [1] introduced in a Hilbert space the implicit iteration

Xn=op+ (1 —ay)oy, (x,), n=>1, (1.11)

where {o,} is a sequence in (0, 1), {¢,} a sequence of positive real number divergent
to oo and for each ¢ >0 and x € C, o4(x) is the average given by

o(x) = %

ft T(s)xds.
0

Under certain restrictions to the sequence {c,,}, they proved the strong convergence

of {x,} to a point p € F := mzzo F(T(1)).

In 2003, Suzuki [2] first introduced the following implicit iteration process:
Xp =oqu+ (1 —on)T(ty)(xn), n>1, (1.12)

for the nonexpansive semigroup in a Hilbert space. He proved strong convergence of
his process (1.12) with appropriate assumptions imposed upon the parameter
sequences {o,,} and {¢,}. Xu [3] proved that Suzuki’s result holds in a uniformly convex
Banach space with a weakly continuous duality mapping.

In 2005, Aleyner and Reich [4] first introduced the following explicit iteration
sequence

Xne1 = dph + (1 — )T (ty)xn, n>0 (1.13)

in a reflexive Banach space with a uniformly Gateaux differentiable norm such that
each nonempty, bounded, closed and convex subset of E has the common fixed point
property for nonexpansive mappings. Under appropriate assumptions imposed upon
the parameter sequences {e,} and {¢,}, they proved that the sequence {x,} defined by
(1.13) converges strongly to a common sixed point of the semigroup {7 (¢) : ¢ > 0}.

More recently, Chang et al. [11] introduced the following explicit iteration process:

x1€C,

Xnp1 = (1 — o)Xy + @y T(th)xn, n>1 (1.14)
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for the Lipschitzian and demicontractive semigroup 3 :={T(t) : t > 0} in general
Banach spaces. Also under appropriate assumptions imposed upon the parameter
sequences {o,} and {¢,}, they proved the sequence {x,} defined by (1.14) converges

strongly to some point in F =: mt>0 F(T(1)).
Inspired and motivated by the above works of Shioji and Takahashi [1], Suzuki [2],
Xu [3], Aleyner and Reich [4] and Chang et al. [11], the purpose of this article is to

introduce and study the strong convergence problem of the following explicit iteration
process:

x1€C,

Xne1 = (1 — on)xn + @y T (tn)xn, n>1 (1.15)

For the uniformly Lipschitzian and total asymptotically strict pseudocontractive semi-
group 3 :={T(¢) : t > 0} in general Banach spaces. The results presented in the article
extend and improve some recent results given in [4,5,7,9].

The following Lemmas will be needed in proving our main results.

Lemma 1.3 Let {a,}, {,} and {J,} be sequences of nonnegative real numbers satisfy-
ing

apy1 = (1 + Sn)an +by, Yn=ny, (1.16)

o0 [e.¢]
where 7y is some nonnegative integer. If Zi:l 8, < 00 and Zi:] bn < 00, then the
limit nligloan exists.
Lemma 1.4 [12] Let E be any real Banach space, E* be the dual space of E and
J : E — 2F" be the normalized duality mapping. Then for any x, y € E we have

[+ y|” < 1% + 20, j(x +9)), Vilx+y) €J(x+7) (1.17)

2 Main results
Now, we are ready to give our main results.

Theorem 2.1 Let C be a nonempty closed convex subset of a real Banach space E,
and let I :={T(t) : t > 0} be a uniformly Lipschitzian with bounded measurable func-
tion L(z) : [0, =) — (0, =) and total asymptotically strict pseudocontractive semigroup
as defined in (1.7), such that

L:=supL(t) <oo, A:= %Izlg)x(t) >0, F:= ﬂF(T(t)) #0 2.1)

t>0 >0

There exist positive constants M and M* such that (1) < M*A* for all, 1 > M. Let
{x,,} be the sequence defined by (1.15), where {o,,} is a sequence in (0, 1) and {t,} be an
increasing sequence in [0, o). If the following conditions are satisfied:

o0 o o0 o
1) Zn=l al < oo, Zn=1 oy = 00, Zn=l Oplhn < 0O, Zn=1 onky < 00.
(2) for any bounded subset D € C

lim sup ||T"(s+ty)x—T"(ty)x|| =0 (2.2)

=0 xeD,seR*
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(3) There exist a compact subset G of E such that ﬂt>0 T()(C) CG.

Then the sequence {x,} converges strongly to a common fixed point of the semi-
group I :={T(t) :t > 0}.

Proof The proof of Theorem 2.1 is divided into four steps:

Step 1. First we prove that nlijgo“xn — Pll exist for all p € F.

For any p € F, by (1.4) we have
NT"(tn)xn — pII = [IT"(tn)xn — T"(ta)pIl < L(tn)l|%n — plI < Lllxn — pl| (2.3)

This follows from (1.15) and (2.3) that

[1%n+1 —P|| = ||(1 - an)xn +anTn(tn)xn - (1 - Oln)P —OlnP||
< (1 —an)llxn —pll + an”Tn(tn)xn —pll (2.4)
< (1 —a)llxy = pll + anLl|x, — pll
< (L +L)llxn —pll
and
[1Xne1 — xnll = Oln“Tn(tn)xn — Xnll
=< Oln(”Tn(tn)xn —pll + [1xn — P||) (2.5)

< an(1 +L)|lxn —pll

Since J :={T(t) : t > 0} is total asymptotically strict pseudocontractive semigroup
with A = gg)h(t) >0, for the point x,,; and p there exists j(x,,1 - p) € J(x,1 - p)

such that

(Tn(tn)xrwl — Xn+1s j(xn+1 - P)> =< _)”“Tn(tn)xrwl - xn+1||2 (2.6)
+Mn¢(||xn+1 —pl)+&, Vn=>1

Again since ¢ is an increasing function, it results that ¢(1) < (M) if A < M and (1)
< M*\%, if A < M. In either case, we can obtain that

d(A) < d(M) + M*)2 (2.7)

Thus, by Lemma 1.4, (2.4)-(2.7), we have

A

lner = plI2 < [ = p o+ an(T"(6a)%n — xa)l1
[ = pII? + 20 (T"(tn)Xn — X, j(%ns1 = P))
[ — pIIZ + 20 (T"(tn)xn — T"(tn)Xne1, j(Xner — P))
+ 20 (T" (tn)Xns1 — Xne1, j(Xne1 — p))
+ 20 (Xne1 — X0, j(Xne1 — P))
[ = pII? + 20 Ll ns1 — Xnlll[%e1 — P
— 20 M| T" (t)%ns1 — Xna1 |1* + 20 ind(|xne1 — plI) (2.8)
+ 20nEp + 20| [Xne1 — Xn[|1%ns1 — P
(1+ 20{,21(1 + L)% + 20, ,M* (1 + L)?)||xn — I
— 20| T" (tn)Xns1 — X |2
+ 20 nd(M) + 20n&p
(1+ 20{5(1 + L) + 20, u,M* (1 + L)?)||x, — pl?
+ 20 (M) + 20n&n

IA

IA

IA

IA
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By the condition (1), it follows from Lemma 1.3 that the limit nligloﬂxn =PIl exist

and so the sequence {x,} is bounded in C.
Step 2. Now we prove that

lirrlrig?f“xn —T"(ty)xnl] = O (2.9)

In fact, it follows from (2.8) that
||xn+1 - P||2 = ||xn - P”z - 2ank||Tn(tn)xn+l — Xn+1 ||2
+ (202(1 + L) + 200 unM*(1 + L)) |x — plI? (2.10)
+ 20 ndp (M) + 20,&,

This implies that

20 M T (tn)%ni1 — Xna1 1> < 1% — pII> = [1ne1 — pII> + 202(1 + L)°K?

(2.11)
+ (2M*(1 + L)*K? + 2¢(M))anptn + 20n&y

Where K = i‘i?“x" =l Hence, for some m > 1,

m
20 ol IT"(tn) 1 — Xnan |1

n=1

< 3 Ultn = pIP = [lwer —pIP) +2(1 + LPK2 D 2

n=1 n=1

+2M*(1+ LYK +2¢(M)) )" anitn +2 ) ainkn (2.12)

n=1 n=1

m
< llw —pll” + 21+ LYK ) oy

n=1

+(2M*(1+ L)’K? + 2¢(M)) D " otnpin +2 ) atnén

n=1 n=1
Letting m — o, we have
o0
2
22.) eI T (ta)Xni1 — Xnan |
n=1

o0
< Il —pl? +2(1 +LY’K? > "o (2.13)

n=1

+(2M*(1 + L)*K? + 2¢(M)) Zognun +2 Zotnén

n=1 n=1

By the condition (1), we obtain

o0
>l T"(tn)Xne1 — X1 |1 < 00 (2.14)

n=1

Page 6 of 10



Yang and Zhao Fixed Point Theory and Applications 2012, 2012:24
http://www.fixedpointtheoryandapplications.com/content/2012/1/24

Which implies

lim inf||xy; — T"(tn)%ns1ll = O (2.15)
n—oo

Since lim [[xn, — pl| exist for all pe Fand lima, =0, using (2.5), we have
n— 00 n—oo
lim |[2441 — xnl] = O (2.16)
n—oo

it follows from (2.15) and (2.16) that
lim inf||x, — T"(ts)xn||
n—-oo
= llrIll'_l)écl;lf{Hxn = X ||+ X1 = T ()X ||+ 1T (80) %001 — T (tn)2n 1} (2.17)

= hrrlr_l)glf{(l +L)||xn — Xpe1 ||+ [[Xne1 — Tn(tn)xn+1||} =0

Therefore the conclusion (2.9) is proved.
Step 3. Now we prove that

lim inf||x, — T(tn)xn|| = O (2.18)
n—-oo

Letting d,, = ||x;, — T"(tx)xn||, it follows from (1.4) that

[%ns1 — T(tne1 )Xne1 |l
xne1 — T (a1 )X ||+ T (6041 %me1 — T(Gne1 )X ||
dpe1 + LIT" (tne )Xne1 — Xne1 ||
dpe1 + LUNT" (tne1 ) Xner — T (tn)Xna ||
+[T" (tn)xne1 — T (£n)Xnl|
+HIT" (tn)%n — Xnll + |1%0 — Xns1 ]}
< duy1 +Ldy + L(1 + L)||%p41 — Xnl|
+L||T" ((tne1 — tn) + tn)Xns1 — T (tn)Xns1 ||
< dus1 +Ldy + L(1 + L)||%p41 — Xl
+L  sup ||T"(s +ty)z — T"(ty)z]|

ze{x,},s€R*

IA

A

IA

(2.19)

By the condition (2), (2.9), and (2.16), we have

lim inf/||x,, — T(tn+l)xn+1 [| < lim inf{d,, + Ld, + L(l + L)||xn+1 — Xpl|
n—oo n—oo

+L sup ||T"(s+ty)z— T"(tn)zl|} = O (2.20)

ze{x,},s€R*

Therefore the conclusion (2.18) is proved.

Step 4. Finally we prove the sequence {x,} converges strongly to a common fixed
point of the semigroup 3 := {T(t) : t > 0}.

By (2.9) and (2.18), we have

lim inf|lx, — T"(ty)xs|| =0, lim inf||x, — T(t;)x,|| = O
n—oo n—oo
Again by the condition (3), there exists a compact subset G of E such that

ﬂt>0 T(t)(C) C G and so there exists subsequence {x,,} of {x,}, for some point g €
G such that

llm T(tn,' )xn,‘ = q: llm ||xn,' - T(tn,-)xn,-H = 0 (221)
1—00 1— 00
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and
hm ||xni - Tni(tni)xni || = 0 (222)
1—00

Hence it follows from (2.21) that X, = ¢ as i — .
Next, we prove that

}Eg [1%0, — T" ()%, 1| = O, (2.23)

for all £ > 0. In fact, it follows from the condition (2) and (2.22) that, for any £ > 0
||xn,- - Tni(t)xn,v” = ||xn,- - Tni(tni)xni||
T (E + ), — T (b, ), ||+ 1T (0%, — T (£ + b, )2, |
< (1 + L)y, — Tni(tni)xni|| + ([T (t + Ly, )Xn, — T" (tn; ) Xn, |

(2.24)

< (1 +L)||xn, — T (tn, )%, ||

+ sup  ||T"(s + ty,)z — T"(ty,)zl| — O
ze{x,},seER*
as [ — oo, Letting e, = ||y, — T" (t)xn,||, it follows from (2.16) and (2.23) that
[, — T(O%n |l = loen, — T (€%, || + (1T (), — T()%n, |
< e, + LIIT" 1 (1), —
<ey + L(Hxni — Xn;j—1 [+ ||xni—1 - Tni_l(t)xni_l I (2.25)

AT (01— T (01
= ey +L(||xn; - xnﬁl” +€n;—1 +L||xnrl - xn,-”)

< ey +L(1+L)||xy, — xp—11l + Lep,—1 — O

as i — oo. Since Xp; = 4 as i — oo and the semigroup 3 :={T(t) : t > 0} is Lipschit-
zian, it follows from (2.25) that g = T (t)q for all ¢ > 0, that is

qeF:=(FTI(t) (2.26)

>0

Since Xn, > ¢ as i — o and the limit nli)fgoﬂxn — 4|l exist, which implies that

X,

i

— ¢ € F as n — . This completes the proof.

The following theorem can be obtained from Theorem 2.1 immediately.

Theorem 2.2 Let C be a nonempty closed convex subset of a real Banach space E,
and let J := {T(¢) : t > 0} be a uniformly Lipschitzian with bounded measurable func-

tion L(t) : [0, o) — (0, =) and asymptotically strict pseudocontractive semigroup as
defined in (1.8), such that

L:=supL(t) < oo, A:= }ng)h(t) >0, F:= " F(T(t)) #9
= >0

t>0

Let {x,} be the sequence defined by (1.15), where {¢,} is a sequence in (0, 1) and {z,;}
be an increasing sequence in [0, «). If the following conditions are satisfied:

'S 2 00 _ 00
(1) Zn=1 o, < 00, Zn=1 oy = 00, Zn=1 an(ky — 1) < 0.
(2) for any bounded subset D © C

lim sup ||T"(s+ty)x— T"(ty)x]] =0

=0 xeD,seR*
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(3) There exist a compact subset G of E such that ﬂt>0 T()(C) CG.

Then the sequence {x,} converges strongly to a common fixed point of the semi-
group I :={T(t) :t > 0}.
Proof Taking ¢(A) = A% &, = 0, 4, = k, - 1 in Theorem 2.1, Since all conditions in

Theorem 2.1 are satisfied. It follows from Theorem 2.1 that the sequence
X, —> q€F:= mt>0 F(T(t)) as n — . This completes the proof of Theorem 2.2.

The following theorem can be obtained from Theorem 2.2 immediately.

Theorem 2.3 Let C be a nonempty closed convex subset of a real Banach space E,
and let J:={T(t) : t > 0} be a uniformly Lipschitzian with bounded measurable func-
tion L(£) : [0, =) — (0, =) and asymptotically demicontractive semigroup as defined in
(1.9), such that

L:=supL(t) <oo, A:= ingk(t) >0, F:=ET@t)#9
>0 = >0

Let {x,} be the sequence defined by (1.15), where {e,} is a sequence in (0, 1) and {z,;}
be an increasing sequence in [0, «). If the following conditions are satisfied:

oo 00 00
@ Zn=1 o, < 00, Zn=1 op = 00, Zn=1 an(k, — 1) < oco.
(2) for any bounded subset D © C

lim sup ||T"(s+ty)x— T"(ta)x]] =0

=0 xeD,seR*

(3) There exist a compact subset G of E such that mm) T(t)(C) C G.

Then the sequence {x,} converges strongly to a common fixed point of the semi-
group J:={T(t) :t > 0}.

Proof Taking y € F (T (t)), for any ¢ > 0 in Theorem 2.2, Since all conditions in
Theorem 2.2 are satisfied. It follows from Theorem 2.2 that the sequence

X, > qeF:= mpo F(T(t))as n — oo. This completes the proof of Theorem 2.3.

Remark 2.4 Theorem 2.3 extend and improved the corresponding results of Chang
et al. [11], Shioji and Takahashi [1], Suzuki [2], Xu [3], Aleyner and Reich [4] and
others.
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