
Hindawi Publishing Corporation
Fixed Point Theory and Applications
Volume 2010, Article ID 512751, 15 pages
doi:10.1155/2010/512751

Research Article
Existence of Fixed Points of Firmly
Nonexpansive-Like Mappings in Banach Spaces

Koji Aoyama1 and Fumiaki Kohsaka2

1 Department of Economics, Chiba University, Yayoi-cho, Inage-ku, Chiba-shi, Chiba 263-8522, Japan
2 Department of Computer Science and Intelligent Systems, Oita University, Dannoharu, Oita-shi,
Oita 870-1192, Japan

Correspondence should be addressed to Fumiaki Kohsaka, f-kohsaka@oita-u.ac.jp

Received 27 November 2009; Accepted 12 February 2010

Academic Editor: Tomonari Suzuki

Copyright q 2010 K. Aoyama and F. Kohsaka. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

The aim of this paper is to obtain some existence theorems related to a hybrid projection method
and a hybrid shrinking projection method for firmly nonexpansive-like mappings (mappings of
type (P)) in a Banach space. The class of mappings of type (P) contains the classes of resolvents
of maximal monotone operators in Banach spaces and firmly nonexpansive mappings in Hilbert
spaces.

1. Introduction

Many problems in optimization, such as convex minimization problems, variational
inequality problems, minimax problems, and equilibrium problems, can be formulated as
the problem of solving the inclusion

0 ∈ Au (1.1)

for a maximal monotone operatorA : E → 2E
∗
defined in a Banach space E; see, for example,

[1–5] for convex minimization problems, [3, 5, 6] for variational inequality problems, [3, 5, 7]
for minimax problems, and [8] for equilibrium problems. It is also known that the problem
can be regarded as a fixed point problem for a firmly nonexpansive mapping in the Hilbert space
setting. In fact, ifH is a Hilbert space andA:H → 2H is a maximal monotone operator, then
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the resolvent T = (I + A)−1 of A is a single-valued firmly nonexpansive mapping of H onto
the domain D(A) of A, that is, T :H → D(A) is onto and

∥
∥Tx − Ty

∥
∥
2 ≤ 〈

Tx − Ty, x − y
〉

(1.2)

for all x, y ∈ H. Further, the set of fixed points of T coincides with that of solutions to (1.1);
see, for example, [5].

In 2000, Solodov and Svaiter [9] proved the following strong convergence theorem for
maximal monotone operators in Hilbert spaces.

Theorem 1.1 (see [9]). Let H be a Hilbert space, A : H → 2H a maximal monotone operator such
that A−10 is nonempty, and Jr the resolvent of A defined by Jr = (I + rA)−1 for all r > 0. Let {xn} be
a sequence defined by

x1 = x ∈ H,

Cn = {z ∈ H : 〈z − Jrnxn, xn − Jrnxn〉 ≤ 0},
Dn = {z ∈ H : 〈z − xn, x − xn〉 ≤ 0},

xn+1 = PCn∩Dn(x)

(1.3)

for all n ∈ N, where {rn} is a sequence of positive real numbers such that infnrn > 0 and PCn∩Dn

denotes the metric projection of H onto Cn ∩ Dn for all n ∈ N. Then {xn} converges strongly to
PA−10(x).

This method is sometimes called a hybrid projection method; see also Bauschke and
Combettes [10] on more general results for a class of nonlinear operators including that of
resolvents of maximal monotone operators in Hilbert spaces. Ohsawa and Takahashi [11]
obtained a generalization of Theorem 1.1 for maximal monotone operators in Banach spaces.

Many authors have investigated several types of hybrid projectionmethods since then;
see, for example, [12–30] and references therein. In particular, Kamimura and Takahashi
[17] obtained another generalization of Theorem 1.1 for maximal monotone operators in
Banach spaces. Bauschke and Combettes [16] and Otero and Svaiter [25] also obtained
generalizations of Theorem 1.1 with Bregman functions in Banach spaces. Matsushita and
Takahashi [20] obtained a generalization of Ohsawa and Takahashi’s theorem [11] and some
existence theorems for their iterative method.

Recently, Aoyama et al. [31] discussed some properties of mappings of type (P), (Q),
and (R) in Banach spaces. These are all generalizations of firmly nonexpansive mappings in
Hilbert spaces. It is known that the classes of mappings of type (P), (Q), and (R) correspond
to three types of resolvents of monotone operators in Banach spaces, respectively, [31, 32].

The aim of this paper is to investigate a hybrid projection method and a hybrid
shrinking projection method introduced in [30] for a single mapping of type (P) in a Banach
space; see (2.2) for the definition of mappings of type (P). Using the techniques in [12, 20, 21]
we show that the sequences generated by these methods are well defined without assuming
the existence of fixed points. We also show that the boundedness of the generated sequences
is equivalent to the existence of fixed points of mappings of type (P).
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2. Preliminaries

Throughout the present paper, every linear space is real. We denote the set of positive integers
by N. Let E be a Banach space with norm ‖ · ‖. Then the dual space of E is denoted by E∗. The
norm of E∗ is also denoted by ‖ · ‖. For x ∈ E and x∗ ∈ E∗, we denote x∗(x) by 〈x, x∗〉. For
a sequence {xn} of E and x ∈ E, strong convergence of {xn} and weak convergence of {xn}
to x are denoted by xn → x and xn ⇀ x, respectively. The normalized duality mapping
J : E → 2E

∗
is defined by

Jx =
{

x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2
}

(2.1)

for all x ∈ E. The space E is said to be smooth if limt→ 0(‖x + ty‖ − ‖x‖)/t exists for all x, y ∈
S(E), where S(E) denotes the unit sphere of E. The space E is also said to be strictly convex if
‖(x + y)/2‖ < 1 whenever x, y ∈ S(E) and x /=y. It is also said to be uniformly convex if for all
ε ∈ (0, 2], there exists δ > 0 such that x, y ∈ S(E) and ‖x − y‖ ≥ ε imply ‖(x + y)/2‖ ≤ 1 − δ.
The space E is said to have the Kadec-Klee property if xn → x whenever {xn} is a sequence of
E such that xn ⇀ x and ‖xn‖ → ‖x‖. We know the following (see, e.g., [4, 33, 34]).

(i) E is smooth if and only if J is single-valued. In this case, J is demicontinuous, that
is, norm-to-weak∗ continuous.

(ii) If E is smooth, strictly convex, and reflexive, then J is single-valued, one-to-one,
and onto.

(iii) If E is uniformly convex, then E is a strictly convex and reflexive Banach space
which has the Kadec-Klee property.

Let E be a strictly convex and reflexive Banach space, C a nonempty closed convex
subset of E, and x ∈ E. Then there exists a unique zx ∈ C such that ‖zx − x‖ = miny∈C‖y − x‖.
The mapping PC defined by PCx = zx for all x ∈ E is called the metric projection of E onto C.
We know that z = PCx if and only if z ∈ C and 〈y − z, J(x − z)〉 ≤ 0 for all y ∈ C.

Let C be a nonempty subset of a Banach space E and T : C → E a mapping. Then the
set of fixed points of T is denoted by F(T). A point u ∈ C is said to be an asymptotic fixed point
of T [35] if there exists a sequence {xn} of C such that xn ⇀ u and xn − Txn → 0. The set of
asymptotic fixed points of T is denoted by F̂(T). The mapping T is said to be nonexpansive if
‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C. The identity mapping on E is denoted by I.

Let E be a smooth Banach space, C a nonempty subset of E, and T : C → E a mapping.
Following [31], we say that T is of type (P) if

〈

Tx − Ty, J(x − Tx) − J
(

y − Ty
)〉 ≥ 0 (2.2)

for all x, y ∈ C. If E is a Hilbert space, then J = I and hence T is of type (P) if and only if T is
firmly nonexpansive, that is,

∥
∥Tx − Ty

∥
∥
2 ≤ 〈

Tx − Ty, x − y
〉

(2.3)
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for all x, y ∈ C. We know that if C is a nonempty closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, then the metric projection PC of E onto C is of type (P)
and F(PC) = C.

Let E be a smooth, strictly convex, and reflexive Banach space and A : E → 2E
∗

a mapping. The graph of A, the domain of A, and the range of A are defined by G(A) =
{(x, x∗) ∈ E × E∗ : x∗ ∈ Ax}, D(A) = {x ∈ E : Ax/= ∅}, and R(A) =

⋃

x∈D(A) Ax, respectively.
The mapping A is said to be monotone if 〈x − y, x∗ − y∗〉 ≥ 0 for all (x, x∗) ∈ G(A) and
(y, y∗) ∈ G(A). It is known that if A is monotone, then the resolvent T = (I + J−1A)−1 of
A is a single-valued mapping of R(I + J−1A) onto D(A) and of type (P), and moreover,
F(T) = A−10; see [31]. A monotone operator A is said to be maximal monotone if A = B
whenever B : E → 2E

∗
is a monotone operator and G(A) ⊂ G(B). By Rockafellar’s result [6],

if A : E → 2E
∗
is maximal monotone, then the resolvent T = (I + J−1A)−1 of A is a mapping

of E onto D(A); see [4, 36] for more details.
We know the following.

Lemma 2.1 (see [14]). Let E be a smooth Banach space, C a nonempty subset of E, and T : C → E
a mapping of type (P). Then the following hold.

(1) If C is closed and convex, then so is F(T).

(2) F̂(T) = F(T).

Theorem 2.2 (see [31]). Let E be a smooth, strictly convex, and reflexive Banach space, C a
nonempty subset of E, and T : C → E a mapping of type (P). Then the following hold.

(1) If {xn} is a sequence of C such that xn → x ∈ C, then Txn ⇀ Tx, J(xn − Txn) ⇀
J(x − Tx), and ‖xn − Txn‖ → ‖x − Tx‖.

(2) If E has the Kadec-Klee property, then T is norm-to-norm continuous.

(3) If E is uniformly convex, then T is uniformly norm-to-norm continuous on each nonempty
bounded subset of C.

Theorem 2.3 (see [31]). Let E be a smooth, strictly convex, and reflexive Banach space, C a
nonempty bounded closed convex subset of E, and T : C → E a mapping of type (P). Then F(PCT) is
nonempty. Furthermore, if T is a self-mapping, then F(T) is nonempty.

Lemma 2.4 (see [14]). Let E be a smooth and uniformly convex Banach space, {Mn} and {Nn}
sequences of nonempty closed convex subsets of E, x ∈ E, and {xn} a sequence of E such that xn =
PNn(x) and xn+1 ∈ Nn for all n ∈ N. Then the following hold.

(1) If {xn} is bounded, then xn − xn+1 → 0.

(2) If xn+1 = PMn(x) for all n ∈ N and
⋂∞

n=1 Mn is nonempty, then {xn} is bounded.

Theorem 2.5 (see [14]). Let E be a smooth and uniformly convex Banach space, C a nonempty
closed convex subset of E, and {Tn} a sequence of mappings of type (P) of C into itself such that F =
⋂∞

n=1 F(Tn) is nonempty. Suppose that each weak subsequential limit of {zn} belongs to F whenever
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{zn} is a bounded sequence of C such that zn −Tnzn → 0 and zn −zn+1 → 0. Let {xn} be a sequence
defined by x ∈ E, x1 = PC(x), and

Cn = {z ∈ C : 〈z − Tnxn, J(xn − Tnxn)〉 ≤ 0},
Dn = {z ∈ C : 〈z − xn, J(x − xn)〉 ≤ 0},

xn+1 = PCn∩Dn(x)

(2.4)

for all n ∈ N. Then {xn} converges strongly to PF(x).

Let E be a reflexive Banach space and {Dn} a sequence of nonempty closed convex
subsets of E. Then subsets s-LinDn and w-LsnDn of E are defined as follows.

(i) z ∈ s-LinDn if there exists a sequence {xn} of E such that xn ∈ Dn for all n ∈ N and
xn → z.

(ii) z ∈ w-LsnDn if there exists a subsequence {Dni} of {Dn} and a sequence {yi} of E
such that yi ∈ Dni for all i ∈ N and yi ⇀ z.

The sequence {Dn} is said to beMosco convergent to a subsetD of E if s-LinDn = w-LsnDn = D
holds. We represent this by M-limnDn = D. We know that if {Dn} is a sequence of nonempty
closed convex subsets of E such that Dn ⊃ Dn+1 for all n ∈ N and

⋂∞
n=1 Dn is nonempty, then

M-limnDn =
⋂∞

n=1 Dn.We also know the following theorem.

Theorem 2.6 (see [37]). Let E be a strictly convex and reflexive Banach space and {Dn} a sequence of
nonempty closed convex subsets of E such that M-limnDn = D exists and nonempty. Then {PDn(x)}
converges weakly to PD(x) for all x ∈ E. Furthermore, if E has the Kadec-Klee property, then {PDn(x)}
converges strongly to PD(x) for all x ∈ E.

Kimura et al. [18] obtained the following strong convergence theorem by using
Theorem 2.6; see also Kimura and Takahashi [19] for related results which were obtained
by using Mosco convergence.

Theorem 2.7 (see [18]). Let E be a smooth, strictly convex, and reflexive Banach space, C a
nonempty closed convex subset of E, and {Tn} a sequence of mappings of C into itself such that
F =

⋂∞
n=1 F(Tn) is nonempty. Suppose that there exists a sequence {an} of (−∞, 0) such that

〈z − x, J(x − Tnx)〉 ≤ an‖x − Tnx‖2 (2.5)

for all n ∈ N, x ∈ C, and z ∈ F(Tn). Let {xn} be a sequence defined by

x1 = x ∈ C = C0,

Cn =
{

z ∈ Cn−1 : 〈z − xn, J(xn − Tnxn)〉 ≤ an‖xn − Tnxn‖2
}

,

xn+1 = PCn(x)

(2.6)
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for all n ∈ N. Then the following hold.

(1) F ⊂ Cn ⊂ Cn−1 for all n ∈ N and {xn} is well defined.
(2) If E has the Kadec-Klee property, supnan < 0, and {Tn} satisfies the condition that z ∈ F

whenever {zn} is a sequence of C such that zn → z and Tnzn → z, then {xn} converges
strongly to PF(x).

Using Theorems 2.2 and 2.7, we obtain the following strong convergence theorem for
mappings of type (P).

Corollary 2.8. Let E be a smooth, strictly convex, and reflexive Banach space which has the Kadec-
Klee property, C a nonempty closed convex subset of E, and T : C → C a mappings of type (P) such
that F(T) is nonempty. Let {xn} be a sequence defined by

x1 = x ∈ C = C0,

Cn = {z ∈ Cn−1 : 〈z − Txn, J(xn − Txn)〉 ≤ 0},
xn+1 = PCn(x)

(2.7)

for all n ∈ N. Then {xn} converges strongly to PF(T)(x).

Proof. We first show that {Tn} defined by Tn = T for all n ∈ N satisfies (2.5). Let x ∈ C and
z ∈ F(T) be given. Since T is of type (P), we have

〈z − Tx, J(x − Tx)〉 = −〈Tz − Tx, J(z − Tz) − J(x − Tx)〉 ≤ 0. (2.8)

This implies that

〈z − x, J(x − Tx)〉 = 〈z − Tx, J(x − Tx)〉 − ‖x − Tx‖2 ≤ −‖x − Tx‖2. (2.9)

Hence {Tn} satisfies (2.5)with {an} given by an = −1 for all n ∈ N.
We next show that {Tn} satisfies the assumption in (2) of Theorem 2.7. Let {zn} be

a sequence of C such that zn → z and Tzn → z. Since T is demicontinuous by (1) of
Theorem 2.2, Tzn ⇀ Tz. Hence we have z ∈ F(T). Therefore, Theorem 2.7 implies the
conclusion.

3. Existence Theorems

Using the techniques in [12, 20, 21], we show the following two lemmas.

Lemma 3.1. Let E be a smooth, strictly convex, and reflexive Banach space, C a nonempty subset of
E, T : C → C a mapping of type (P), andD a nonempty bounded closed convex subset of E such that
D ⊂ C. Then there exists z ∈ C such that

〈

z − Ty, J(I − T)y
〉 ≤ 0 (3.1)

for all y ∈ T−1(D).
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Proof. By Theorem 2.3, there exists u ∈ D such that PDTu = u. This implies that 〈u − p, J(I −
T)u〉 ≤ 0 for all p ∈ D. Fix y ∈ T−1(D). Then we have

〈

u − Ty, J(I − T)u
〉 ≤ 0. (3.2)

Since T is of type (P), we also know that

〈

Tu − Ty, J(I − T)u − J(I − T)y
〉 ≥ 0. (3.3)

Using (3.2) and (3.3), we obtain

〈

Tu − Ty, J(I − T)y
〉 ≤ 〈

Tu − Ty, J(I − T)u
〉

= −‖Tu − u‖2 + 〈

u − Ty, J(I − T)u
〉 ≤ 0.

(3.4)

Since Tu ∈ C, by putting z = Tu,we obtain the desired result.

Lemma 3.2. Let E be a smooth, strictly convex, and reflexive Banach space, C a nonempty closed
convex subset of E, and T : C → C a mapping of type (P). Let {xn} be a sequence defined by

x1 = x ∈ C,

Cn = {z ∈ C : 〈z − Txn, J(xn − Txn)〉 ≤ 0},
Dn = {z ∈ C : 〈z − xn, J(x − xn)〉 ≤ 0},

xn+1 = PCn∩Dn(x)

(3.5)

for all n ∈ N. Then the following hold.

(1) Cn ∩Dn ⊃ ⋂n
k=1 Ck and

⋂n
k=1 Ck is nonempty for all n ∈ N.

(2) {xn} is well defined.
(3)

⋂∞
n=1(Cn ∩Dn) =

⋂∞
n=1 Cn ⊃ F(T).

Proof. We first show (1) by induction on n ∈ N. It is obvious that D1 = C and Tx1 ∈ C1. Thus
C1 ∩D1 = C1 /= ∅. Fix n ≥ 2 and suppose that Ck ∩Dk ⊃ ⋂k

j=1 Cj /= ∅ for all k ∈ {1, 2, . . . , n − 1}.
Then x1, x2, . . . , xn are defined. Note that Dn ⊃ Cn−1 ∩ Dn−1 by the definitions of Dn and xn.
This implies that

Cn ∩Dn ⊃ Cn ∩ (Cn−1 ∩Dn−1) ⊃ Cn ∩
n−1⋂

k=1

Ck =
n⋂

k=1

Ck. (3.6)

We next show that
⋂n

k=1 Ck is nonempty. Let r be a positive real number such that ‖Txk‖ ≤ r
for all k ∈ {1, 2, . . . , n} and put D = C ∩ {w ∈ E : ‖w‖ ≤ r}. It is clear that xk ∈ T−1(D) for
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all k ∈ {1, 2, . . . , n}. By Lemma 3.1, we have z ∈ C such that 〈z − Ty, J(I − T)y〉 ≤ 0 for all
y ∈ T−1(D). This implies that

〈z − Txk, J(I − T)xk〉 ≤ 0 (3.7)

for all k ∈ {1, 2, . . . , n} and hence z ∈ ⋂n
k=1 Ck. The part (2) is a direct consequence of (1).

We finally show (3). By (1),we have

∞⋂

n=1

Cn ⊃
∞⋂

n=1

(Cn ∩Dn) ⊃
∞⋂

n=1

n⋂

k=1

Ck =
∞⋂

n=1

Cn. (3.8)

On the other hand, if u ∈ F(T), then, by the assumption that T is of type (P), we have

〈u − Txn, J(xn − Txn)〉 ≤ 0 (3.9)

for all n ∈ N. Thus u ∈ ⋂∞
n=1 Cn. Therefore we obtain the desired result.

Similarly, we can also show the following lemma.

Lemma 3.3. Let E be a smooth, strictly convex, and reflexive Banach space, C a nonempty closed
convex subset of E, and T : C → C a mapping of type (P). Let {xn} be a sequence defined by

x1 = x ∈ C = C0,

Cn = {z ∈ Cn−1 : 〈z − Txn, J(xn − Txn)〉 ≤ 0},
xn+1 = PCn(x)

(3.10)

for all n ∈ N. Then the following hold.

(1) Cn is nonempty for all n ∈ N.

(2) {xn} is well defined.
(3)

⋂∞
n=1 Cn ⊃ F(T).

Proof. We first show (1). It is obvious that Tx1 ∈ C1 and hence C1 is nonempty. Fix n ≥ 2
and suppose that Ck is nonempty for all k ∈ {1, 2, . . . , n − 1}. Then x1, x2, . . . , xn are defined.
We next show that Cn is nonempty. Let r be a positive real number such that ‖Txk‖ ≤ r for
all k ∈ {1, 2, . . . , n} and put D = C ∩ {w ∈ E : ‖w‖ ≤ r}. It is clear that xk ∈ T−1(D) for
all k ∈ {1, 2, . . . , n}. By Lemma 3.1, we have z ∈ C such that 〈z − Ty, J(I − T)y〉 ≤ 0 for all
y ∈ T−1(D). This implies that

〈z − Txk, J(I − T)xk〉 ≤ 0 (3.11)

for all k ∈ {1, 2, . . . , n} and hence z ∈ Cn. Part (2) is a direct consequence of (1). Part (3)
follows from the assumption that T is of type (P).
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Using Lemmas 2.4, 3.2, and Theorem 2.5, we can prove the following existence
theorem.

Theorem 3.4. Let E be a smooth and uniformly convex Banach space, C a nonempty closed convex
subset of E, and T : C → C a mapping of type (P). Let {xn}, {Cn}, and {Dn} be defined by (3.5).
Then {xn} is well defined and the following are equivalent.

(1) F(T) is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} is bounded.
(4) {xn} converges strongly.

In this case, {xn} converges strongly to PF(T)(x).

Proof. By (3) of Lemma 3.2, we know that (1) implies (2). We first show that (2) implies (3).
Suppose that

⋂∞
n=1 Cn is nonempty and let Mn = Cn ∩ Dn and Nn = Dn for all n ∈ N. It

is clear that xn = PNn(x) and xn+1 = PMn(x) ∈ Nn for all n ∈ N. By (3) of Lemma 3.2 and
assumption, the equality

⋂∞
n=1 Mn =

⋂∞
n=1 Cn holds and this set is nonempty. Thus, (2) of

Lemma 2.4 implies that {xn} is bounded.
We next show that (3) implies (1). Suppose that {xn} is bounded. Then (1) of

Lemma 2.4 implies that ‖xn − xn+1‖ → 0. Since E is reflexive and C is weakly closed, there
exists a subsequence {xni} of {xn} such that xni ⇀ u ∈ C. By Txn = PCn(xn) and xn+1 ∈ Cn,we
have

‖xn − Txn‖ ≤ ‖xn − xn+1‖ −→ 0. (3.12)

This gives us that u ∈ F̂(T). By (2) of Lemma 2.1, we get u ∈ F(T).
It follows from Theorem 2.5 that (1) implies that {xn} converges strongly to PF(T)(x).

Thus (1) implies (4). It is obvious that (4) implies (3). This completes the proof.

Using Lemmas 2.4, 3.3, and Corollary 2.8, we can also show the following existence
theorem. We employ the methods, based on Mosco convergence, which were developed by
Kimura et al. [18] and Kimura and Takahashi [19].

Theorem 3.5. Let E be a smooth, strictly convex, and reflexive Banach space which has the Kadec-
Klee property, C a nonempty closed convex subset of E, and T : C → C a mapping of type (P). Let
{xn} and {Cn} be defined by (3.10). Then {xn} is well defined and the following are equivalent.

(1) F(T) is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} converges strongly.
In this case, {xn} converges strongly to PF(T)(x). Moreover, if E is uniformly convex, then these
conditions are also equivalent to the following.

(4) {xn} is bounded.

Proof. By (3) of Lemma 3.3, we know that (1) implies (2). We first show that (2) implies (1).
Suppose that D =

⋂∞
n=1 Cn is nonempty. By this assumption and Cn−1 ⊃ Cn for all n ∈ N,
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we know that M-limnCn = D. By Theorem 2.6, {PCn(x)} converges strongly to PD(x). This
implies that {xn} converges strongly to PD(x). Put u = PD(x). Since u ∈ Cn for all n ∈ N, we
have

〈u − Txn, J(xn − Txn)〉 ≤ 0 (3.13)

for all n ∈ N. By Theorem 2.2, we have Txn → Tu and J(xn − Txn) ⇀ J(u − Tu). Thus it
follows from (3.13) that

‖u − Tu‖2 = 〈u − Tu, J(u − Tu)〉 = lim
n→∞

〈u − Txn, J(xn − Txn)〉 ≤ 0. (3.14)

This gives us that u ∈ F(T) and hence F(T) is nonempty.
Using Corollary 2.8, we know that (1) implies that {xn} converges strongly to PF(T)(x).

Hence (1) implies (3).
We next show that (3) implies (2). Suppose that {xn} converges strongly to v ∈ C. Let

m ∈ N. Then we have xn+1 ∈ Cn ⊂ Cm for all n ≥ m. Since Cm is closed and xn → v, we have
v ∈ Cm. This gives us that v ∈ ⋂∞

m=1 Cm and hence
⋂∞

m=1 Cm is nonempty.
We next show that (4) implies (1). Suppose that E is uniformly convex and {xn} is

bounded and let Mn = Cn and Nn = Cn−1 for all n ∈ N. Then it is clear that xn = PNn(x) and
xn+1 = PMn(x) ∈ Nn. By (1) of Lemma 2.4, we know that xn − xn+1 → 0. Since E is reflexive
and C is weakly closed, there exists a subsequence {xni} of {xn} such that xni ⇀ w ∈ C. Let

Dn = {z ∈ C : 〈z − Txn, J(xn − Txn)〉 ≤ 0} (3.15)

for all n ∈ N. Since Txn = PDn(xn) and xn+1 ∈ Cn ⊂ Dn for all n ∈ N,we have

‖xn − Txn‖ ≤ ‖xn − xn+1‖ −→ 0. (3.16)

This gives us that w ∈ F̂(T). By (2) of Lemma 2.1, we get w ∈ F(T). Thus F(T) is nonempty.
It is obvious that (3) implies (4). This completes the proof.

4. Deduced Results

In this section, we obtain some corollaries of Theorems 3.4 and 3.5. We first deduce the
following corollary from Theorem 3.4.
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Corollary 4.1. Let E be a smooth and uniformly convex Banach space and A : E → 2E
∗
a monotone

operator such that there exists a nonempty closed convex subset C of E satisfying D(A) ⊂ C ⊂
R(I + J−1A). Let T : C → C be the mapping defined by Tx = (I + J−1A)−1x for all x ∈ C and {xn}
a sequence generated by

x1 = x ∈ C,

Cn = {z ∈ C : 〈z − Txn, J(xn − Txn)〉 ≤ 0},
Dn = {z ∈ C : 〈z − xn, J(x − xn)〉 ≤ 0},

xn+1 = PCn∩Dn(x)

(4.1)

for all n ∈ N. Then {xn} is well defined and the following are equivalent.

(1) A−10 is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} is bounded.
(4) {xn} converges strongly.

In this case, {xn} converges strongly to PA−10(x).

Proof. By assumption, we know that T : C → C is a mapping of type (P) and F(T) = A−10.
Therefore, Theorem 3.4 implies the conclusion.

We can similarly deduce the following corollary from Theorem 3.5; see Kimura and
Takahashi [19] for related results.

Corollary 4.2. Let E be a smooth, strictly convex, and reflexive Banach space which has the Kadec-
Klee property and A : E → 2E

∗
a monotone operator such that there exists a nonempty closed convex

subset C of E satisfying D(A) ⊂ C ⊂ R(I + J−1A). Let T : C → C be the mapping defined by
Tx = (I + J−1A)−1x for all x ∈ C and {xn} a sequence generated by

x1 = x ∈ C = C0,

Cn = {z ∈ Cn−1 : 〈z − Txn, J(xn − Txn)〉 ≤ 0},
xn+1 = PCn(x)

(4.2)

for all n ∈ N. Then {xn} is well defined and the following are equivalent.

(1) A−10 is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} converges strongly.
In this case, {xn} converges strongly to PA−10(x). Moreover, if E is uniformly convex, then these
conditions are also equivalent to the following.

(4) {xn} is bounded.
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As direct consequences of Theorems 3.4 and 3.5, we also obtain the following
corollaries.

Corollary 4.3. LetH be a Hilbert space, C a nonempty closed convex subset ofH, and T : C → C a
firmly nonexpansive mapping. Let {xn} be a sequence defined by

x1 = x ∈ C,

Cn = {z ∈ C : 〈z − Txn, xn − Txn〉 ≤ 0},
Dn = {z ∈ C : 〈z − xn, x − xn〉 ≤ 0},

xn+1 = PCn∩Dn(x)

(4.3)

for all n ∈ N. Then {xn} is well defined and the following are equivalent.

(1) F(T) is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} is bounded.

(4) {xn} converges strongly.

In this case, {xn} converges strongly to PF(T)(x).

Corollary 4.4 (see [12]). Let H be a Hilbert space, C a nonempty closed convex subset of H, and
T : C → C a firmly nonexpansive mapping. Let {xn} be a sequence defined by

x1 = x ∈ C = C0,

Cn = {z ∈ Cn−1 : 〈z − Txn, xn − Txn〉 ≤ 0},
xn+1 = PCn(x)

(4.4)

for all n ∈ N. Then {xn} is well defined and the following are equivalent.

(1) F(T) is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} is bounded.

(4) {xn} converges strongly.

In this case, {xn} converges strongly to PF(T)(x).

Using Corollary 4.3, we next show the following result; see also [21, 24].



Fixed Point Theory and Applications 13

Corollary 4.5. LetH be a Hilbert space, C a nonempty closed convex subset ofH, and T : C → C a
nonexpansive mapping. Let {xn} be a sequence defined by

x1 = x ∈ C,

Cn = {z ∈ C : ‖z − Txn‖ ≤ ‖z − xn‖},
Dn = {z ∈ C : 〈z − xn, x − xn〉 ≤ 0},

xn+1 = PCn∩Dn(x)

(4.5)

for all n ∈ N. Then {xn} is well defined and the following are equivalent.

(1) F(T) is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} is bounded.
(4) {xn} converges strongly.

In this case, {xn} converges strongly to PF(T)(x).

Proof. Let S be a mapping defined by S = (I + T)/2. Then S: C → C is a firmly nonexpansive
mapping and F(S) = F(T). We also know that

‖z − xn‖2 − ‖z − Txn‖2 = ‖xn‖2 − 2〈z, xn〉 − ‖Txn‖2 + 2〈z, Txn〉
= 〈xn + Txn − 2z, xn − Txn〉
= 4〈Sxn − z, xn − Sxn〉

(4.6)

for all n ∈ N. This implies that Cn = {z ∈ C : 〈z − Sxn, xn − Sxn〉 ≤ 0} for all n ∈ N. Thus
Corollary 4.3 implies the conclusion.

Using Corollary 4.4, we can similarly show the following result.

Corollary 4.6. LetH be a Hilbert space, C a nonempty closed convex subset ofH, and T : C → C a
nonexpansive mapping. Let {xn} be a sequence defined by

x1 = x ∈ C = C0,

Cn = {z ∈ Cn−1 : ‖z − Txn‖ ≤ ‖z − xn‖},
xn+1 = PCn(x)

(4.7)

for all n ∈ N. Then {xn} is well defined and the following are equivalent.

(1) F(T) is nonempty.

(2)
⋂∞

n=1 Cn is nonempty.

(3) {xn} is bounded.
(4) {xn} converges strongly.

In this case, {xn} converges strongly to PF(T)(x).
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